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1. Introduction 

Correlation functions in any 2-dimensional CFT can be expressed as sums (or integrals) 
of three-point coupling constants and some universal, model independent functions called 
conformal blocks [1]. Even it a simple case of the 4-point conformal block its direct calcu- 
lation is prohibitively complicated. Efficient recursive methods of an approximate, analytic 
determination of a general 4-point conformal block has been pioneered long time ago by 
Al. Zamolodchikov [2-4]. His method was used for instance in checking the conformal boot- 
strap in the Liouville field theory with the Dorn, Otto, Zamolodchikov and Zamolodchikov 
coupling constants [5] , in a study of the c ^ 1 limit of minimal models [6] or in obtaining 
new results in the classical geometry of hyperbolic surfaces [7]. 

Recently a recursion representation has been worked out for the super-conformal blocks 
related to the Neveu-Schwarz algebra [8~11]. The so called elliptic recursion was conjec- 
tured in [10] for one type of NS blocks and used for a numerical verification of the consis- 
tency of = 1 super-Liouville field theory. An extension of this method to another type of 
NS blocks was proposed in [11] where also further numerical support for the consistency of 
the = 1 super-Liouville theory was presented. A comprehensive derivation of the elliptic 
recursion for all types of NS blocks was given in [12]. 

In the present paper we address the problem of the elliptic recurrence for conformal 
blocks in the Ramond sector of N=l SOFT. We restrict ourselves to the class of SCFT 
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models with the tensor product TZ^TZ oi the left TZ and the right TZ Ramond algebras 
extended by the common (for the left and the right sector) parity operator (—1)^. We 
shall also consider only 4-point blocks with Ramond external states which correspond to 
factorization on Neveu-Schwarz states. 

There are some features of the Ramond sector which make a standard analysis of 
conformal blocks more difficult than in the NS and the bosonic cases. ^ First of all the 
structure of 3-point conformal blocks is more complicated. Since the correlation functions 
of one fermionic current, two Ramond and one Neveu-Schwarz fields are double valued the 
standard contour deformation arguments do not work. One way to avoid this problem 
has been proposed in the early days of the 2-D SOFT [13] (see also [14] for more detailed 
analysis). In the present paper we follow essentially the same approach considering single 
valued functions 



(0(oo, oo)S{w)R2{z, z)Ri{0, 0)) ^/{w - z)w 
and expressing contour integrals around a location of each field in terms of fields excitations. 



This leads to the Ward identities ( 4.1 J4.2| ) which determine the 3-point blocks up to four 
independent constants. Fortunately in spite of their complicated form one can derive all 
properties of the 3-point blocks required for the derivation of the elliptic recurrence formula. 
Let us mention that the so called x-expansion seems to be available in the present case 
only via the elliptic recurrence. 

The second complication arises from the fact that the tensor product of the left and 
the right chiral structures has to be reduced to an irreducible representation oi TZ®TZ 
extended by (— 1)'^. This reduction is responsible for the reduction of eight independent 
constants hidden in 3-point blocks into two independent structure constants of the Ramond 
sector. It also determines the representation of the Ramond fields in terms of chiral vertex 
operators and suggests a convenient basis of the 3-point blocks for which this representation 
is diagonal. 

Once the structure and properties of the 3-point blocks are clarified the definition 
of 4-point conformal blocks is straightforward. As in the case of the NS sector one gets 
four even and four odd conformal blocks. With the appropriate definition at hand one can 
follow Zomolodchikov's method of the derivation of the elliptic recurrence [4]. As in the NS 
case [12] the arguments concerning large intermediate weight A asymptotic are based on 
the quasiclassical limit of the path integral representation of the Liouville theory. Regular 
terms of elliptic blocks can be calculated from the c = 1 conformal block with Aj = ^ 



^The structure of the 3-point conformal blocks in the Ramond sector is scarcely discussed in literature 
[13, 14]. We are not aware of any discussion on the 4-point blocks with external Ramond states. 
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Ramond external states and an arbitrary intermediate weight. An explicit formula for this 
blocks can be obtained using the techniques of the chiral superscalar model [17]. 

The organization of the paper is as follows. In Section 2 we present our notation and 
basic properties of the 3-point functions in the Ramond sector [15]. Section 3 is devoted to 
the basic structure of the highest weight chiral module for the Ramond algebra extended by 
the chiral parity operator [16]. The reduction of the tensor product of the left and the right 
modules to an irreducible representation oiTZ^IZ extended by (—1)'^ is briefly described. 
In Section 4 we use the Ward identities to determine the properties of the 3-point conformal 
blocks. This section contains the main results of the present paper and paves a way for an 
appropriate definition of the conformal blocks. In Section 5 we define 4-point conformal 
blocks and analyze their analytic properties as functions of the intermediate weight. The 
main result of this section is a calculation of the residua at singular weights. As a side 
result we obtained a universal property of the Ramond structure constants (|2.7| ) in a 
general = 1 SCFT. If the even fusion rules ( ^.13 ) are satisfied C'^ = —C~, while for the 
odd fusion rules ( 5.14 ) one has C+ = C~ . In Section 6 we discus the large A asymptotic 
of the conformal blocks and derive the elliptic recurrence formula. The regular terms of 
elliptic blocks are also calculated. 

There are some problems which are natural continuation of the present work. First 
of all one should extend the analysis to the blocks related to the factorization on Ramond 
states. This can be done with the techniques developed in the present paper. The second 
possible topic is to extend the elliptic recurrence methods to the N = 2 SCFT. Let us also 
mention that one can use our results to check consistency of the A^ = 1 super Liouville 
theory [18] or its c — > 1 limit [19]. 



2. Three-point correlation functions of the Ramond sector 

The super conformal symmetry is generated by a pair of holomorphic currents T{z), S{z) 
(and their anti-holomorphic counterparts T{z), S{z)) satisfying the OPE-s 

T{z)m = ^ + ^T{z) + iar(o) + . . . , 

T{z)S{0) = ^S{0) + -^dS{0) + ..., (2.1) 
S{z)S{0) = ^ + It{0) + ... . 

The space of fields of superconformal field theory (hereafter SCFT) decomposes onto the 
space of the Neveu-Schwarz (or NS for short) fields (/)ns local with respect to S{z), and 
the space of the Ramond fields R with the property that any correlation function of the 



-3- 



form {S{z)R{zi, zi) . . .) changes the sing upon analytic continuation in z around the point 
z = zi. This property imphes the following form of the OPE: 

S{z)R{0,0) = ^ z"-i5„„i?(0,0). 

meZ 

Together with the usual Virasoro generators L„ defined by 

T(z)i?(0,0) = J];z"-2L_„i2(0,0), 

5fc form the Ramond algebra determined by (p.l|), 



[Lm, Ln] = {m- n)Lm+n + {m^ - l) 5m+n, 

In the space of all R fields there exist "super-primary" fields ^{w^iv) with the 
conformal weights A, A, which satisfy the OPE's ^ 

— tDj^ z — w 



'(^)^A a(^' ^) ~ 7^ ^^A a(^' + ^ ^^^A A^'^' ^) (^•^) 



and 



[z — W)2 



S{z)R% ^{w, IB) ~ Rl ^{w, ZD), (2.4) 

[Z — W)2 

where (3 are related to the conformal weights by 

24 ' 24 

Using projective transformations one can express three-point function involving two R 
primary fields and one NS primary superfield 

$3(z, 9; z, 9) = ip{z, z) -h 6'^(z, z) + 9^\}{z, z) + i99^{z, z) 



^Following [15] we chose the "symmetric" convention for ± components of the Ramond fields. 
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in the form 

^$3(^3, ^3, 03)Ri''\z2, Z2)Rt\zi,Zi) 



^71 ^71 ^72 ^72 „73 ^73 
^32-^32 -^31^31 ^21-^21 



'^^1,^2 ( ^^321 + (^321 



^^31^32 



2^12 



i^3^3 



+ <5, 



ei,-e2 ^321 



/ £3l£32\ ^ 



V ^12 / 

where 71 = Ai — A2 — A3, 2:12 = 21 — 2:2 etc. and 

Cg^i = (^3(00, oo)i?f(l,l)iif (0,0) 
Cg^i = (^3(00, oo)i?2^(l,l)i?f (0,0) 



321 



^31 ^32 
Zl2 



D 



321 



V^3(oo,oo)i?f(l,l)iif(0,0) 



^3^21 = (V^3(oo,oo)i2±(l,l)i2f(0,0) 



only two of these structure constants are independent: 



321 
1± 



Df,,=ie^'-^ [/?2C3^2i+/5iQ 



§21] ' 



D 



± 

321 



321] 



(2.5) 
(2.6) 



(2.7) 

(2.8) 
(2.9) 

(2.10) 



Due to the Ward identities 

5_ 1(^3(00, oo)i?^(l,l)i?f (0,0) 

(^3(00, oo)5oi?^(l, 1)R( (0, 0) ) + ie( 993(00, cx))i?^(l, l)5o^i' (0, 0) 

S_ 1^^3(00, cx))i?^(l,l)i?f (0,0) 

(^3(00, oo)5oi?2(l, 1)^1' (0, 0) ) - ie{ 993(00, oo)i?^(l, l)SoR'i (0, 0) ) , 



(2.11) 



3. R supermodule 

In SCFT one usually works with the Ramond algebra ( |2.2D extended by the fermion parity 
operator ( — 1)^: 

[(-1)^, Lm] = {{-if, Sn} = 0, m,neZ. 
Let be the highest weight state with respect to the extended Ramond algebra ( |2.2| ) 

Lqw^ = Aw'^ , {-ifwA = , LmWA = SnW^ = 0, m, n G N, (3.1) 
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where N is the set of positive integers. We denote by the free vector space generated 
by all vectors of the form 

WA,KM = S-kL-MWA = S-ki ■ ■ ■ S-kiL-ruj ■ ■ ■ L-miWA , (3.2) 

where K = {ki, k2, ■ ■ ■ , ki} C NU{0} and M = {mi,m2, ■ ■ ■ , rrij} C N are arbitrary ordered 
sets of indices 

ki < . . . < k2 < ki, rrij < . . . < m2 < rrii, 

such that \K\ + \M\ = ki + . . . + ki + mi + . . . + mj = f. 

The Z-graded representation of the extended Ramond algebra determined on the space 



/eNu{0} 



by the relations ( |2.2D and (3.1) is called the R supermodule of the highest weight A and 



the central charge c (in order to simplify the notation we omit the subscript c at W). Each 
^ IS an ei 
-grading: 



is an eigenspace of Lq with the eigenvalue A + /. The space Wa has also a natural 



Wa = w+ew^, w+ = = wi-, 

/eNu{o} /eNu{o} 

where are common eigenspaces of the operators Lq, (—1)^. Note that the subspaces 

yV^^, W^^ are 1-dimensional except the case A = ^ where = {0}. 

A nonzero element x ^ °^ degree / is called a singular vector if it satisfies the 
highest weight conditions ( |3.1| ) with Lqx = (A + f)x- It generates its own R supermodule 
>Va+ / which is a submodule of Wa • 

The analysis of singular vectors can be facilitated by introducing a symmetric bilinear 
form (. , .)c,A on Wa uniquely determined by the relations {wa, wa) = 1, {wa, Sq wa) = 
and (Lm)^ = L^rn, ('S'fc)^ = S^k- It is block-diagonal with respect to the Lq- and (— 1)^- 
grading. We denote by -B/^ the matrix of (. , .)c,a on calculated in the basis (|3.2D : 



= (^AKM>'"^AL7v)c,A- (3-3) 
KM,LN i^,i\ivi ii.ijiv/ . 



It is nonsingular if and only if the R supermodule Wa does not contain singular vectors of 
degrees 0, 1,2, ...,/. The formula for the determinant of this matrix was conjectured by 
Friedan, Qiu and Shenker [13] and proven by Meurman and Rocha-Caridi [20]. For level 
zero it reads 

deti?°+ = l, deti?o^ = A-^, 
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and for higher levels 

det<^ = (A-^)"^ n (A-A..)^«(/-¥), (3.4) 

where r, s G N, the sum r + s must be odd and 

. 1 rs- 1 l-r2, l_s2 1 3 / , , 

^"<'=' = iii-— '=2+H'+;;) ■ 

The multiplicity of each zero is given by -Pr(/) = dimW^ and can be read off from the 
relation 

/=0 n=l ^ 

The tensor product Wa (8) VV^ the left and the right R supermodules is defined 
as a graded tensor product of representations of Z2-graded algebras. This provides a 
representation of the direct sum R (B R oi left and right Ramond algebras extended by 
the left (—1)^^ and the right (—1)^^ parity operators. We are usually interested in the 
extension of i? ^ by the common parity operator 

(-1)^ = 

and the corresponding Z2-grading. For A, A 7^ ^ an appropriate representation can 
be easily obtained restricting the action of R ^ R and (—1)^ to an invariant subspace 
Wa a ® Wa generated by the vectors 



= ^(wX^wl-iw^^ w~^^ 



(3.6) 



where = ^^Sqw'^ and = ^-~-Sow~^. We shall call it a "small" representation. 



/3 

;0 



The choice of basis ( |3.6| ) in the zero level subspace W^ ^ corresponds to our choice of 
the Ramond fields 



Sow^^^ = i/3e^^f Sqw^^^ = -ipe^'iwl^^. (3.7) 

4. Three-point conformal blocks 

Super-descendants ¥'a,a('^i ^) of the super-primary field ip^^^^Wjwlz, z) = ^/^^^{z,z) 
are defined by the relations: 

■^Xw-zf"^T{w)<^^^{i,i\z,z), mEN, 
^.{w - z)5-^'S(w;)(^A,A(e,e>, z), G N - i, 
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and by analogous formulae for the Ramond sector 



dw 
2^i' 



R^^2.iL-mr],r]\z,z) = ^.{w - zf "'T{w)R^^^{r],r]\z, z), m G N, 



^.{w- z)^-''S{w)R^^^{ri,fj\z,z), keN. 

Using conformal Ward identities one can express an arbitrary correlator of three descen- 
dants as a sum of terms which can be further factorized onto a holoniorphic and anti- 
holomorphic parts. Consider for instance a correlator of two arbitrary excited Ramond 
fields R''{z, z), R^' {0, 0) of definite parities e, e' and an arbitrary NS excited field (p{oo, oo). 
Due to a square root singularity the Ward identities are more complicated than in the NS 
sector. They read: 



p=0 



5 1 {(l)(oo){SpR'){x)R''{0)) 

= E (-"^y {{s^_^_.<i>){^)R^{x)R^'m 

p=0 ^ ^ 

-^^E [Pj (-1)" x'2-P{cl>{00)R%x){Sn+pR'')m, 



(4.1) 



p=0 



Ed 

p=0 



X2-P {<P{oo){Sp.nR'){x)R'' m 



(4.2) 



= E (-^)^ ((V„_i</.)(oo)i?^(x)i?^'(0)) 

p=0 ^ 

-ieY, (-l)"+%-"+^-^(</.(oo)i?^(x)(5pi?^')(0)). 

p=0 ^ ^ 

The corresponding relations hold in the anti-holomorphic sector. 

Our aim in this section is to decompose a general 3-point functions onto left and right 
3-point conformal blocks. The first complication arises due to the block structure of field 
operators 



$ = 














R^ 






^NR 


-"'RN 






with respect to the direct sum decomposition H = T^ns ® 'Hn of the space of states. Due 
to the hermitian conjugation rules:^ 



^-^{z, .)t = (I, i) , Rl^iz, .)t = -z-'^z-^^Rl^ (i, i) , 



^We assume that is hermitian, then the hermicity of R follows from the definition of SoR^ . 
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the off-diagonal blocks of the Ramond field are related to each other: 

{R{^)RtAz,z)m) = ^-'^^-'^(</>(oo)ii4(i, i)i2(0)). (4.3) 

As in the NS case [8] we define the chiral vertex operators in terms of 3-linear forms. 
In the R-R sector the form 

satisfies the relations ^ 

oo 

°° /l \ 
p=0 ^ ^ 

p=0 ^ ^ 

where |?7j| denote parities of Ramond states. The form is determined by the relations above 
up to two independent constants. The appropriate constructions and derivations parallel 
to large extend those of the NS-NS sector and we shall skip them in the present paper. 

Since the NS-R and R-NS sectors are related by the hermicity condition ( f4.3D we shall 
restrict ourselves to the NS-R one. The form (anti-linear in the left argument and linear 
in the central and the right ones) 

^AaAaAi^ ^ . . ; z) : Vas X Wa^ X Wa^ ^ C 

is defined by 

= E (i) (-^y eMlf''^'{s^^n^,js,m,vi;z) 

- z(-l)l«3l + lml+l^ I ^^P^A3A2A,(^^^^^^5^^^^^.^)^ 

*The chiral Ward identities for the Virasoro generators L„ are the same in aU sectors. The corresponding 
formulae can be found in [8]. For the sake of simplicity we suppress all the L_„ excitations dependence. 
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E (p Q^f'^HC3,Sp.nm,vi;z) (4.4) 

p=0 ^ ^ 

°° / 1 \ 

It is almost completely determined by these relations. In particular, for Lo-eingenstates, 
LoCs = ^3(^3)^3, Loiji = Ai{r]i)r]i, i = l,2 one has: 

Q^f'^'iC3,V2,Vi;z) = ^A3{6)-A.fe)-Ai(,i) ^A3A.A,(^^^^^^^^.i)_ (45) 

In contrast to the forms in the NS-NS and R-R sectors it depends on four rather than 
two arbitrary constants. We define the forms pJvA \ h j = ^ sls coefficients in front of these 
constants: 

QNlf'^^'i^3,m,vi;z) = ptft{^3,V2,m;z)QNlf''^'{'^3,wt,wf;i) 

+ ptRiC3,V2,m;z)QNl^^^^{i'3,wt,w^-A) (4.6) 

+ pNRi^3,v2,m; z)qn%^^^H^3,w2 ,w]; ;!) . 



From (4^) one easily gets 

pL{C3,V2,m;z) = z^^(^'^'>-^-('^-^-^^(^^VUC3,m,vi) 

where p^NR{^3TV2,'ni) = /'iVB(C3) %i ^1; !)• Analyzing the Ward identities ( |4.4| ) one can 
derive the relations: 

Pnr{S-iv,W2,S-jw^) = pj,^{S^iiy,w:^ , S-jwf), (4.7) 
ptliS-iv, W2 , S-jwf) =4 p~~^{S-iu, w^, S-jwf), 
pNR{S-iJ^,W2,S-jwf) = p'^-{S-iu,w^,S^jwf), 



and 



ptR{S-iiy,w:^,S^jw^) = {-l)^-^^ p^tiS-ii^,w^,S-jwf), 
PntiS-i^, wt, S^jw:[) =-i (-1)1-^1 p^^{S-iiy, w^, S-jwf), 
ptitiS-iy, w^, S-jw^) =-i (-l)l"'l pt^niS-iu, w:^, S-jw^), 
p~~{S^iu,w^,S^jw^) = {-1)^-^^ p--l^{S-iu,w^,S-jwf). 



(4.8) 
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We shall now briefly analyze how the global parity requirements along with the "small" 
representation reduces the number of independent constants in the matrix elements of 
Ramond fields from eight to two. We shall start with non normalized chiral vertex operators 
Vf^g) defined in terms of their matrix elements by the form g^^^^^^ 

{^3\v^Uz)\vi) = QN%'^''^'{^3,w^,m;z), 161 + Iml e 2N, 
{^3\v^Uz)\m) = gNf''^'{C3,w^,m;z), |6I + g 2N + i. 

From the construction of the highest- weight vectors ^ ( p.6D one may expect the following 
form of the Ramond fields 

RL = ® ^NRc + ^^NRo ® ^NRo + ^^^NRe ® Kk. " ^^^NRo ^ ^NRo , 

«NR = ^^NRc ® ^NRo " ^^NRo ® ^NRc + ^^NRe ^ ^^NRo + ^^N~Ro ® ^^N^Ro , 

where the coefficients are fixed up to A and B by the relations ( p.lll) . The independent 
structure constants (2.7) are expressed in terms of A,B and constants hidden in the 



forms Qmr^^'^^, Qnr^^^^ as follows: 

+ iB gi^R{i^,w^ ,w';l) gNR{u,w^,w~;l) + A gNR{i^,w' ; 1) gMR{i^,w',w~;l), 

(4.9) 

C = AgNR{i^,w'^,w~^;l)gNR{i^,w~,w~;l) + B gt^R{u,w~ ,w+) gNRii^,w'^ ;!) 
- B gNR{u,w^,w';l) gNRiiy,w' ; 1) + A gj^R{u,w' ;!) gNRiiy,w^ ; 1). 



One can check using the relations ( [4.7| , [4.q ) that all matrix elements of the Ramond field 
R^R depend on the arbitrary constants only via the combinations above. Indeed, using the 



relations (4^) one obtains 



= C^^'^p^t^.iS^l 1^3, W^,S-J W^) pi^,{S_j 1^3, S_j wf ) 

+ C'^"VNRi('S'-/ i^3, -w^, S-j wf ) pl^2(.S_j 1^3, w^, S_jil)f) 

= (-1)I-^Ic(+V^r1(5-/ 1^3, wt, S-j wt) pitiS.j i^3,wt,S^j wt 
- i-lf\C^'^pi~l{S-i 1^3, wt, S-j wt) pLliS.i i^3,wt,S_j wt 

for 2|/| = |J| and 
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= -i(-l)\J\c^+)pill{S.j 1.3, S-j wt) pi'^liS_ji^3,wt, S_jwt) 
= C'^^Vnr!>(5'-/ 1^3, w:^, S-j wf) p^Ji^XS-m, w:^, S_jwf) 

- C"^" VnrU'S'-/ 1^3, S_j wf) p^t^nc{S_j P3, w:t,S_jiDf) 
for 2|/| = I J| + 1, where 



2 

„(±) _ „++ I — ^(±) _ ^++ I ^— 

FNRc — HnR r JVJJ 1 PNRe " KjVii KiVii ' 



Introducing chiral vertex operators 



{^3\vit}iz)\vi) = p\tM3,w+,m;z), lesl + \vi\ e 2N, 
{^3\vitl{z)\m) = ptl{C3,w+,m;z), ICsl + \m\ e 2N + 1, 



(4.10) 



one thus gets 



(4.11) 



NR 



The Ramond fields in the R-NS sector are then directly obtained from the hermicity con- 
dition {Rt^y = Rt^ (13): 



Let us observe that 

wt ® w^^ + i w'^ w'^, wt ^ - wt G kerii^p , 
hence the "small representation" is an invariant subspace of the full Ramond fields R^ 
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As a side remark let us mention that the chiral decomposition ( 4.11| ) can be easily 
extended to excited Ramond fields using central arguments of the forms PnrIj/Onro- 



{^3\vit}iv2)\m) = Q'i^l{^3,V2,vi), 161 + \m\ + \m\ e 2N, 



{^3\v^tl"{v2)\vi) = 0'^tl{^3,m,vi), 161 + \V2\ + \vi\ e 2N + 1. 

Taking into account the graded tensor product structure: 
where p, p = e, o and |e| = 0, |o| = 1, one gets for such extension 

The forms Pn^L/On^I depend on the sign of f32 in a very simple way: 
p'k^e{S-iu,wZp2, Sjwf) = ±p'^l{S-iu,w^,^, Sjwj 



(4.12) 



(4.13) 



This yields 



(4.14) 



5. Analytic structure of 4-point conformal blocks 

We shall restrict ourselves to the case of correlation functions of four Ramond fields. Te 
structure of the 3-point conformal blocks analyzed in the previous section suggests the 
following definition: 

KM,LN 



7f 



±/33 ±P2 
Pi Pi 



\K\ + \M\ = \L\ + \N\=f 



where |/| = e for / G N, |/| = o for / G N — ^, i^a,km is the standard basis in the NS Verma 

I KM,LN 



module Vc a , and 



B 



f 



denotes the inverse to the Gram matrix with respect to 



this basis on the level / G iN. One has four even: 



±/33 ±/32 
04 Pi 



^A-Ao-A 



1 [l+Y^z^F^^ 



±P3 ±P2 
Pi Pi 



(5.1) 



and four odd, 



±PZ ±P2 
Pi Pi 



^A+i-Aa-Ai 



2F: 



c,A 



±P3 ±P2 
Pi Pi 



fceN- 



(5.2) 
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that they are 



confer mal blocks. 

It fohows from the definition of the blocks' coefficients 
polynomials in f3i, and rational functions of the intermediate weight A and the central 
charge c. They can be expressed as a sum over the poles in A : 



±/33 ±P2 

Pi /3i 



±/33 ±/32 

Pi Pi 



R 



f 

■c,A 



±03 ±/32 

/3i Pi 



f 



Pi Pi 



l<rs<2f 
T-+se2N 



A - Arsic) 



(5.3) 



with Ars(c) given by Kac determinant formula for NS Verma modules: 



^ , , rs — 1 1 

Ar.(c) = — + - 



8 62 ' 



3 A 1 



The calculation of the residue at A^s is essentially the 
a suitable choice of basis in Va one gets 



(5.4) 

same as in the NS case. With 



^/ \±P3 ±P2 

'^c,rs[ 134 Pi 



— -^rs (c) X 



(5.5) 



E p\f\iS-KL-MXrs,'W^,wj 



KM,LN 



with 



Ars{c) = hm {-^^^ . (5.6) 

The coefficients are the same as in the NS-NS sector and their explicit form has been 
conjectured in [21] to be: 

^s{c) = \i\ n (4f (^^^ + ?)) ' P + 9e2Z, (p,g)7^(0,0),(r,s). (5.7) 

The factorization property of the forms holds in the present case only on singular 
vectors. In the case ^ G N one gets 



p'm^o{S-KXrs,W^,'wj) = PmiiS-Kl'Ars + ^^'^t ^'^l) Pme{Xrs,W^ \K\ G N+ i, 



while in the case y G N + | 



p'^o{S-lXrs, W^J, wf) = p'^^iS-il'Ars+^^'^2 ^'^l) PmoiXrs, wf,wf), \I\ G N, 
PmeiS-KXrs,wf,wf) = i p'^^oiS-il^Ar.+^^wf ,wf) p^j^,{Xrs,wf ,wf), \K\ G N + i. 
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This yields 

nl. 



±l3:i ±132 
Pi Pi 



(5.8) 



±03 ±p2 
P4 Pi 



for f gNU{0}, and 



for f G N - |. 



±P3 ±P2 
P4 Pi 



(5.9) 



In order to calculate p^\-,{xrs,W2,wf) we shall first consider the three point correla- 
tion functions with degenerate field Xrs within the Feigin-Fuchs construction [22]. In this 
approach the Ramond fields are represented by vertex operators in the free superscalar 
Hilbert space 



TPa tP'z 
Pi Pi 



p4>{z)+a4>{z)+i 



^f,-py^,^j - ^ '^c7+(z,z), Rl0{z,z) = e«'^^^^+«'^^^^-^4a-(z,z), (5.10) 

where a = ^ — a/2/3 and cr^ are the twist operators of the fermionic sector: 

1 



(r^{z,z). 



V2(2; - w) 

The left chiral screening charges are given by: 

Qb = i dzi){z)e^^^'\ Qi = (f dziP{z)ei;'^^'\ 



(5.11) 



and the same construction holds in the right sector. Let us consider the Feigin-Fuchs 
representation of three point functions with various number of left screening charges: 



^iars,6),{P2,0),(Pl,0) 

^lars,S),{P2,0UPi,0) 



1 fl 



XrsRl,R}i,QtQiQb), k + l e2N + i, <5 = ^(^-6). 



(5.12) 



The charge conservation implies that the structure constants above are non-zero if and 
only if the even fusion rules ( A; -|- Z G 2N U {0}): 



or the odd fusion rules ( A; + Z G 2N — 1): 

1 



(5.13) 



(5.14) 



are satisfied {k, I are integers in the range 0<fe<r — 1, < I < s — 1) 
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In the Feigin-Fuchs representation one can show that for any even integer n G 2N: 
(VK) . . . ij{wn)a~{l, l)a- (0, 0)> = - (VK) . . . l)<T+(0, 0)> , 

(^K) . . . V'K-i) i^iw)a~il, l)a' (0, 0)> = {^{wi) . . . V'K.i) ^iw)a+il, l)a+(0, 0)) . 
If the even fusion rules ( 5.13| ) are satisfied this imphes 



-c; 



It follows that C, 



{-) 



Ks,<5),{/32,0),{/3i,0) ^Ks,5),(/32,0),(/3i,0)- 
{a 5) (/32 0) (ft 0) ^ therefore the corresponding form has to vanish: 

Pml,o{Xrs,w:^,wf) = 0. 



.{+) 



7^ and 



Similarly, for the odd fusion rules ( |5.14| ) one gets C^^ 

P^i^c,o{Xrs,W^,wf) = 0. 

An additional information on zeros of the forms in question can be derived from the formula 



C, 



(±) 



C, 



'(a,s,5),{-/32,0),(/3i,0) ^(a,,,5),(/32,0),(/3i,0)' 

which is a simple consequence of ( [4.14D . The form p^^^^ {Xrs , W2 , wf ) has to vanish for 
the even fusion rules ( ^.13 ) and p^c.oiXrs, wt ^ "^i) fusion rules ( 5.14 ) with the 

opposite sign in front of P2 in both cases. 

The discussion above suggests the following definition of the fusion polynomials in the 
Ramond sector: 



r-l 



pr 



±132 

/3i 



n n n n (a±a+ 

=l-rq=l-s ^ ^V^ / \ 



r— 1 s—1 



p'b + q'b 
2V2 



(5.15) 

where p, q,p', q' run with the step 2 and satisfy the conditions: p + q — {r + s) £ 4Z + 2 



and p' + q' — {r + s) G 4Z. One easily checks that for rs € 2N, PJ* are polynomials 
of degree ^ in (A2 - Ai), and for rs G 2N - 1 ~ of degree in (A2 - Ai) with the 
additional factor {(3i T /32)- On the other hand 

pi^liLl^i^, w+,w+) = (A + A2 - Ai)„ 

P^rI(5_ 1 ^-1^, wt,wt) = e-^f (/3i T /32)(A + A2 - Ai)„ 

r(a+n) 



where (a)„ 



r(a) 



is the Pochhammer symbol. Taking into account our normalization 



condition for Xrs one thus finally gets 

Pmc{Xrs,W^,wf) = 
p'k^o{Xrs,W^,wf) = 



prs 



±/32 

/3i 



e-*4 FT 



/3i 



for rs e 2N, 
for rs G 2N - 1. 



(5.16) 
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6. Elliptic recurrence 



As in the bosonic and the NS cases the first step in a derivation of the elhptic recurrence is 
to find the large A asymptotic of the conformal block. The method of calculations proposed 
in [4] is based on the observation that the full dependence of the first two terms in the 
large A expansion on the variables Aj, c can be read off from the first two terms of the ^ 
expansion of the classical block. The essential point of this approach is the existence of the 
classical limit of conformal blocks. In the present case this limit is to some extend justified 
by the path integral representation of the = 1 super-Liouville amplitudes defined by the 
action: 



d^z (— \d(l)\^ + — Udi) + il)dif) + 2i/i6VV'e'"^ + ^^b'^^^e^^A . (6.1) 
y27r 2iT J 

Within the functional approach the Ramond fields are represented by vertex operators 
(5.10). Since the twist fields are light the fermionic sector does not contribute to the clas- 
sical limit at all. Strictly speaking the path integral representation implies the classical 
limit of the whole amplitude. Imposing extra restrictions on intermediate states one may 
extend the argument to the sum of bilinear block products with fixed parity and interme- 
diate weight. Considering various amplitudes with the same classical limit one may get the 
information concerning individual terms. This leads to the assumption that in the limit 



0, 



ib(3^ 



Pi 



b'A,, 



Pi, 



the asymptotic behavior of each conformal block takes the form 



Pi I3i 



Vie 



•r-2 



134 /3i 



2 



, (6.2) 



where fs (x) is the classical conformal block and coefficients ri,ri are independent 
of b. Analyzing the leading powers of A in the forms , 



\K\-1 



Pnr{S-ki^,wJ,wJ) c<. I32A 2 +..., 



and the A dependence of the Gram matrix one can show that 



ri oc const, 



ri oc -, 

2 d 



as functions of 5. 

Once the classical limits are known one can follow Zamolodchikov's derivation in order 
to find large A behavior. In the present case it yields: 
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±/33 ±132 
04 /3l 



vrr A 



c 

24 



+ 



c 

24 



A /3i 



-A1-A2-A3- A4j lnE:2(z) 

A2 - A3) ln(l - + - Ai - A2) ln(z) + + O (^) , (6.3) 

(^) 



In A + vrr A 



+ 



V24 



Ao - A- 



c 

24 



ln(l -z) + (--Ai 



Ac 



A2- A3- A4) InK^^z) 
1 



(6.4) 



where 



' K(z) 



and /^^(2:) are functions of z specific for each type of block and independent of Aj and c. 
The large A asymptotic suggests the following form of superconformal blocks: 

-A1-A2 



1 i 

77 ' 2 



±133 ±132 

(3i /3i 



{z) = (16g) 



A _ £-3/2 e-3/2 
24 2; 24 " 



(1 



Z)^4 ^2-A3 



(6.5) 



c-3/2 
) 2 



-4{Ai+A2+A3+A4) 1 i 



±/33 ±/32 

ft /3i 



where g = exp(i7rr) . The elliptic blocks Ti^' 
as superconformal ones: 



±/33 ±132 

I3i f3i 



±(33 ±(32 

(3i (3i 



±133 ±132 

f3i f3i 



h 



(q) have the same analytic structure 

±f33 ±f32] ( . 

(3a (3i 



A \±(33±(32 



A - A. 



(?) 



A- A, 



The functions (q) depend on the block type and are independent of the external mo- 
menta Pi and the central charge c. They have no singularities in A and are directly related 
to the functions f^^{z) in (|6.3|). The analytic form of these functions can be read off from 
the c = 1 elliptic blocks with Aj = Aq = 3^. The explicit formula for this blocks can be 
obtained using the techniques of the chiral superscalar model [17]. The chiral correlation 
function projected on the intermediate A NS module of the fields fio corresponding to the 
lowest Ramond state in the bosonic sector and the NS vacuum state in the fermionic sector 
takes the form: 

(ao|ao(l)Uao(z)ko) = \Wa\M^)Wo)\^ {Wq)"^ [z{l - z)]'-^ ^3('7)~'. (6.6) 

limit of each type of general even block is regular for 



On the other hand the b ^ i, (3. 
generic values of A and yields 



lim \\m.T\ 

(3^0 b^i 



±(3 ±f3 

(3 f3 



iz) = il6qf [zil-z)]-'s ^3(g)-V^(g) . 
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Comparing with ( |6.6D one gets 

which completes our derivation of the elhptic recurrence in the Ramond sector. 
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